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THE GREEN CONJECTURE FOR EXCEPTIONAL CURVES ON A
K3 SURFACE
MARIAN APRODU (IMAR) AND GIANLUCA PACIENZA (IRMA)
Abstrat. We use the Brill-Noether theory to prove the Green onjeture for
exeptional urves on K3 surfaes. Suh urves ount among the few ones having
Cliord dimension ≥ 3. We obtain our result by adopting an innitesimal approah
due to Pareshi, and using the degenerate version of the Hirshowitz-Ramanan-
Voisin theorem obtained in [A05℄.
1. Introdution.
Two onjetures made in the eighties by Green, and Green-Lazarsfeld, pointed out
to some deep links between the intrinsi properties of algebrai urves, and their
Koszul ohomology groups with values in suitably hosen line bundles. Reall that
the Koszul ohomology Kp,q(X,L) of a omplex projetive variety X with values in
a globally generated line bundle L on X is dened as the ohomology at the middle
of the omplex:
p+1∧
H0(L)⊗H0(L⊗(q−1))→
p∧
H0(L)⊗H0(L⊗q)→
p−1∧
H0(L)⊗H0(L⊗(q+1)).
A basi result due to Green and Lazarsfeld, see [G84, Appendix℄, shows that
Kr1+r2−1,1(X,L) is not zero if X is smooth and L is deomposed as L = L1 + L2
with ri := h
0(X,Li) − 1 ≥ 1. In the partiular ase of urves, one obtains that
Kg−c−2,1(X,KX) and Kh0(L)−d−1,1(X,L) are not zero, where g is the genus of X ,
c is the Cliord index (see [Ma82℄ for the denition), d is the gonality, and L is
an arbitrary line bundle of suiently large degree. The above-quoted onjetures
predit that these non-vanishing results are sharp.
Conjeture 1.1 (Green, [G84℄). Kg−c−1,1(X,KX) = 0
Conjeture 1.2 (Green-Lazarsfeld, [GL85℄). Kh0(L)−d,1(X,L) = 0
In reent years, strong evidene has been found for these onjetures. Putting
together Voisin's [V02℄ and Teixidor's [T02℄ results, Green onjeture is valid for a
generi d-gonal urve, for d < [g/2]+ 2. The ase of generi urves of odd genus, not
overed by the above-mentioned results was settled by Voisin [V05℄. This ase was
partiularly hallenging due to a previous work of Hirshowitz and Ramanan [HR98℄,
whih together with Voisin's result [V05℄ implies the validity of the Green onjeture
for any urve of odd genus and maximal gonality. The Green-Lazarsfeld onjeture
is also valid for generi d-gonal urves, see [AV03℄, [A04℄, and [A05℄.
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The Brill-Noether theory ould play a major rle in the attempt to solve these
onjetures. Speially, suppose d ≥ 3 is an integer, and X is a smooth d-gonal
urve with d < [g/2] + 2, suh that the varieties W 1d+n(X), parametrising degree-
(d+ n) penils on X , verify
(Linear growth onditions): dim(W 1d+n(X)) ≤ n, for all n suh that 0 ≤ n ≤
g − 2d+ 2.
Then X veries both Green, and Green-Lazarsfeld onjetures, see [A05, Theorem
2℄.
It is therefore important to try and ontrol the dimensions of the varieties of
penils, and nd intervals on whih their growth is linear in the degree. A predition
was made by G. Martens, [Ma84, Statement (T)℄:
Statement (T). If j ≥ 1, g ≥ 2j + 4, and m ∈ [j + 3, g − 1 − j] are integer
numbers, and X is a urve of genus g, suh that dim(W 1m(X)) = m − 2 − j, then
dim(W 1s (X)) = s− 2− j for all integers s ∈ [j + 3, g − j].
Notie that one of the onditions above is dim(W 1j+3(X)) = 1, and the inequality
d ≥ j + 3 yields to j + 3 ≤ (g + 1)/2. In partiular, for Brill-Noether generi urves,
the Statement (T) is empty. For expliit speial urves of Cliord dimension one,
Statement (T) with m = gon(X) + 1, together with [A05, Theorem 2℄ an be seen
as a potential tool for verifying the Green, and Green-Lazarsfeld onjetures for new
lasses of urves.
Partial versions of Statement (T) have been proved (see for instane [Ho82℄, [Ma84℄,
[CKM92℄). Unfortunately, the piture happens to be more subtle than expeted (and
hoped). We exhibit ounter-examples to Statement (T) as speial urves in the linear
system |2H| on aK3 surfae whose Piard group is generated by a hyperplane setion
H and a line ℓ.
Proposition 1.3. Let S be a K3 surfae with Pic(S) = Z.H ⊕ Zℓ, with H very
ample, H2 = 2r − 2, and H.ℓ = 1. There exists a smooth urve C ∈ |2H| (whose
genus equals 4r − 3, and whose gonality equals 2r − 2, see 3.1), and
(1) dim(W 12r−2(C)) = 1.
(2) dim(W 12r−1(C)) = 2.
(3) dim(W 12r(C)) = 4.
(4) dim(W 12r+1(C)) equals 5 or 6.
Nevertheless, we prove that the generi urves in |2H| verify a weak linear growth
ondition.
Theorem 1.4. Let S be a K3 surfae with Pic(S) = Z.H ⊕ Zℓ, with H very ample,
H2 = 2r − 2 ≥ 4, and H.ℓ = 1. Then the generi urve in the linear system |2H|
veries
dim(W 12r−2+n(C)) = n, for n ∈ {0, 1, 2}.
A onsequene of this result is that the Green-Lazarsfeld onjeture holds for the
generi urves in the linear system |2H|, see Corollary 4.5.
The idea of the proof is to look at the family of pairs (C,A), with C ∈ |2H|
smooth and A ∈ W 12r−2+n(C), and to give a bound on the dimension of the irreduible
2
omponents dominating |2H|. Thanks to the work of Lazarsfeld and Mukai, to the
data (C,A) (for simpliity we assume here that A is a omplete and base-point-
free penil) one an attah a rank 2 vetor bundle E(C,A) on the surfae S. If
this bundle is simple, then the original argument of Lazarsfeld's [L℄, or the variant
provided by Pareshi [P95℄, allows one to determine these dimensions. In the non-
simple ase a useful lemma (see [GL87℄, [DM89℄ and [CP95℄), brings to a very onrete
desription of the parameter spae for suh bundles. This desription, together with
the innitesimal approah of Pareshi [P95℄, allows us to onlude.
Moreover, and more importantly, using the degenerate version of the Hirshowitz-
Ramanan-Voisin theorem [A05, Proposition 8℄, we derive from Theorem 1.4 the fol-
lowing.
Theorem 1.5. Let S be a K3 surfae with Pic(S) = Z.H ⊕ Zℓ, with H very ample,
H2 = 2r− 2 ≥ 4, and H.ℓ = 1. Then any smooth urve in the linear system |2H + ℓ|
veries the Green onjeture.
Smooth urves in the linear system |2H + ℓ| are partiularly interesting in several
regards. First of all, they ount among the few examples of urves whose Cliord
index is not omputed by penils, i.e. Cli(C) = gon(C) − 3, as it was shown in
[ELMS89℄ (other obvious examples are given by plane urves, for whih the Green
onjeture is already heked, see [Lo89℄). Suh urves are the most speial in the
moduli spae of urves from the Cliord index view-point, reason for whih some
authors all them exeptional urves. Hene, the ase of smooth urves in |2H + ℓ|
may be onsidered as opposite to that of generi urve of xed gonality. Seondly,
they arry a one-parameter family of penils of minimal degree (see [ELMS89℄), so
[A05, Theorem 2℄ annot be applied diretly.
The outline of the artile is the following. First, we reall some vetor bundle
tehniques whih will be used in the proof of Theorems 1.4 and 1.5. The proof of
Theorem 1.4 splits in several ases. In 3.1 we treat the ase n = 0, 1. In 3.2, we
analyse the ase n = 2, and E(C,A) simple. The remaining ase, n = 2, and E(C,A)
not simple are ruled out in 3.3. We put together all these intermediate steps in 3.4
and prove Theorem 1.4 and Proposition 1.3. Finally, we show how Theorem 1.4
implies Theorem 1.5.
Aknowledgments. MA would like to thank I.R.M.A. Strasbourg, and espeially
Olivier Debarre for the warm hospitality during the rst stage of this work. The
authors are grateful to O. Debarre for numerous onversations on this topi.
2. Vetor bundle tehniques.
In the present Setion we reall some basi vetor bundle tehniques, see [La86℄,
[GL87℄, [La89℄, [OSS80℄.
2.1. The Lazarsfeld-Mukai vetor bundle. Given a smooth urve C belonging
to a linear system |L| on aK3 surfae S and a base-point-free line bundle A ∈ Pic(C),
we reall how to assoiate to this data, following [La86℄ and [Mu89℄, a vetor bundle
E := E(C,A) of rank h0(C,A) on S and we reord a number of properties of E
whih will be freely used in the rest of the paper. First one onsiders the rank
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h0(C,A) vetor bundle F (C,A) dened as the kernel of the evaluation of setions of
A (onsidered as torsion sheaf on the whole surfae S)
(2.1.1) 0→ F (C,A)→ H0(C,A)⊗OS
ev
→ A→ 0.
Then dualizing the above exat sequene and setting E := E(C,A) := F (C,A)∗
we get :
(2.1.2) 0→ H0(C,A)∗ ⊗OS → E → KC(−A)→ 0.
The invariants of E are :
(1) det(E) = OS(C);
(2) c2(E) = deg(A);
(3) h0(S,E) = h0(C,A) + h1(C,A) = 2h0(C,A)− deg(A)− 1 + g(C).
Moreover, E is globally generated o a nite set, and
h1(S,E) = h2(S,E) = 0.
There is a natural rational map
(2.1.3) dE : Gr(rk(E), H
0(S,E)) 99K |L|
from the Grassmanniann of rk(E)-dimensional subspaes of H0(S,E) to the linear
system |L|. This map sends a generi subspae Λ ∈ Gr(rk(E), H0(S,E)) to the
degeneray lous of the evaluation map :
evΛ : Λ⊗OS → E
(notie that, generially, this degeneray lous annot be the whole surfae, sine E
is generated o a nite set).
Moreover, for generi Λ, the image dE(Λ) is a smooth urve CΛ (the smoothness
of the degeneray lous is an open ondition, and it is realized on a non-empty set
of Gr(rk(E), H0(S,E)) by the onstrution of E), and the okernel of evΛ is a line
bundle KCΛ(−AΛ) of CΛ, where deg(AΛ) = c2(E). An important feature on the map
dE is that its dierential at a point Λ oinides with the multipliation map
µ0,AΛ : H
0(CΛ, AΛ)⊗H
0(CΛ, KCΛ −AΛ)→ H
0(CΛ, KCΛ).
On the other hand, if MA is the vetor bundle (of rank h
0(C,A)− 1) on C dened
by the kernel of the evaluation map on the urve :
(2.1.4) 0→MA → H
0(C,A)⊗OC
ev
→ A→ 0,
by tensoring (2.1.4) with KC(−A), one gets
(2.1.5) ker(µ0,A) = H
0(C,MA ⊗KC(−A)).
Notie that, by onstrution, there is a natural surjetive map from F (C,A)|C to
MA, and, by determinant reason, we have
(2.1.6) 0→ A(−KC)→ F (C,A)|C →MA → 0.
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2.2. The Serre onstrution. The Serre onstrution onsists in assoiating to
a loally omplete intersetion 0-dimensional subsheme ξ of S, and to a non-zero
element t ∈ H1(S, L ⊗ Iξ)
∗
, where L ∈ Pic(S), a rank two vetor bundle E := Eξ,t
on S and a global setion s ∈ H0(S,E), whose zero lous is ξ.
By the Grothendiek-Serre duality Theorem, we have
H1(S, L⊗ Iξ)
∗ ∼= Ext1(L⊗ Iξ,OS),
hene to eah t ∈ H1(S, L⊗ Iξ)
∗
we may assoiate a sheaf E is given by an extension
0→ OS → E → L⊗ Iξ → 0.
Notie that the global setion s of E oming from the inlusion OS →֒ E vanishes
on ξ.
The preise riterion for an extension as above to be loally free is the following:
Proposition 2.1 ([OSS80℄, [La97℄). Given t ∈ H1(S, L ⊗ Iξ)
∗
, the orresponding E
fails to be loally free if and only if there exists a proper (possibly empty!) subsheme
ξ′ ⊂ ξ suh that
t ∈ Im(H1(S, L⊗ Iξ′)
∗ → H1(S, L⊗ Iξ)
∗).
We also reall a result whih we state and only when S is a K3 surfae (note that
the anonial bundle of S is trivial).
Theorem 2.2 ([GH78℄). There exists a rank two vetor bundle E on S, with det(E) =
L, and a setion s ∈ H0(S,E) suh that V (s) = ξ if, and only if, every setion of L
vanishing at all but one of the points in the support of ξ also vanishes at the remaining
point.
Theorem 2.2 immediately yields :
Proposition 2.3. Let S be a K3 surfae, and L a line bundle on S. Then, for any
0-dimensional subsheme ξ of S, suh that h0(S, L ⊗ Iξ′) = 0, for all ξ
′ ⊂ ξ with
lg(ξ′) = lg(ξ)−1, there exists a rank two vetor bundle E on S given by an extension
0→ OS → E → L⊗ Iξ → 0.
2.3. A useful lemma for non-simple E. Our analysis of the dominating irre-
duible omponents of the variety of pairs (C,A), where C is a smooth urve in |2H|,
A a penil on C, and the Lazarsfeld-Mukai assoiated vetor bundle E(C,A) is not
simple, is based on the following key lemma (see [GL87℄, [DM89℄. See [CP95, Lemma
2.1℄ for this preise statement).
Lemma 2.4. Let S be a K3 surfae, C a smooth urve on S and A a base-point-free
line bundle on C, suh that h0(C,A) = 2. If E(C,A) is not a simple vetor bundle,
then there exists two line bundles M and N on S and a 0-dimensional subsheme ξ
of S suh that
(1) h0(S,M) ≥ 2, h0(S,N) ≥ 2;
(2) N is base-point-free;
(3) there is an exat sequene
0→ M → E → N ⊗ Iξ → 0.
Moreover if h0(M −N) = 0, then supp(ξ) = ∅ and the above sequene is split.
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This result allows to desribe the parameter spae for non-simple Lazarsfeld-Mukai
vetor bundles E(C,A) as an open subset of a projetive bundle over the Hilbert
sheme of points on S. We shall use this lemma for lg(ξ) = 2 or ξ = ∅.
3. Penils on urves in |2H|.
3.1. The invariants of urves in |2H|. Let C be a smooth urve in the linear
system. The adjuntion formula omputes the genus g(C) = 4r − 3.
The other basi invariants, the Cliord index and the gonality are obtained as
follows.
Observe that H|C ontributes to the Cliord index of C, and
Cliff(H|C) = 2r − 4.
In partiular, Cliff(C) ≤ 2r−4, whereas the Cliord index of generi urves of genus
4r−3 equals 2r−2. By the main result of [GL87℄, the Cliord index of C is omputed
by a line bundle N = aH + bℓ on the surfae S. Let M = (2− a)H − bℓ. The bundle
N an be assumed to be base-point-free, and h1(N) = 0, and h0(N) = h0(N |C), and
we may assume that h1(M) = 0, and the restrition map H0(M) → H0(M |C) is
surjetive (ompare to [CP95, Proof of Proposition 3.3℄). Sine both N |C , and M |C
ompute the Cliord index of C, we obtain a = 1. The other onditions imply b = 0,
hene
Cliff(C) = 2r − 4.
Finally, apply [CP95, Proposition 3.3℄ to onlude the the gonality of C equals
2r − 2.
3.2. The parameter spae of pairs, and the proof strategy. The main ingre-
dient used in the proof of Theorem 1.4 is the parameter spae of pairs (C,A), where
C ∈ |2H| is a smooth urve, and A is a penil of given degree m on C. Denote |2H|s
the open subset of |2H| orresponding to smooth urves. Following [AC81℄, there
exists a variety W1m(|2H|s), and a projetive morphism
πS :W
1
m(|2H|s)→ |2H|s,
whose bre π−1S [C] over any C ∈ |2H|s is sheme-theoretially isomorphi to the
variety of speial divisors W 1m(C). The proof idea of Theorem 1.4 is to estimate the
relative dimension of the dominating irreduible omponents of W12r−2+n(|2H|s), for
n ∈ {0, 1, 2}.
Notie that the ase n = 0 has already been settled in [CP95, Theorem 3.1, and
Lemma 3.2℄: a generi member of the linear system |2H| arries only nitely many
minimal penils (remark that ρ(4r − 3, 1, 2r − 2) = −3).
The ase n = 1 will follow as an immediate onsequene of [CP95, Theorem 3.1,
and Lemma 3.2℄, and of a Lemma of Aola (see [A81℄, f. [ELMS89, Lemma 3.1℄,
and [CM91℄).
Lemma 3.1. There is no base-point-free g
1
2r−1 on a smooth C ∈ |2H|.
Proof. Indeed, if A was suh a penil, then by Aola's Lemma, we would have (the
bundle OC(H) is semi-anonial)
2h0(C,OC(H − A)) ≥ 2h
0(C,OC(H))− (2r − 1).
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Sine h0(S,OS(H)) = h
0(C,OC(H)) = r + 1, we obtain 2h
0(C,OC(H − A)) ≥ 3,
i.e. h0(C,OC(H − A)) ≥ 2. In this ase, OC(H − A) would be a penil of degree
2r − 3, ontraditing gon(C) = 2r − 2. 
Therefore, for smooth urves C ∈ |2H|, the varietyW 12r−1(C) is 1-dimensional, and
its irreduible omponents are obtained by adding base-points to the (nitely many)
g
1
2r−2's on C.
So, we may suppose n = 2. LetW be an irreduible omponent ofW12r(|2H|s), suh
that for a generi pair (C,A), the line bundle A is base-point-free. By [ACGH85,
Lemma 3.5, p. 182℄, we neessarily have h0(C,A) = 2. We distinguish two ases
aording to the behaviour of the assoiated Lazarsfeld-Mukai bundle E(C,A). Pre-
isely, omponents whose generi member (C,A) has simple, respetively non simple,
Lazarsfeld-Mukai vetor bundle are alled simple omponents, respetively non simple
omponents.
These two ases are treated in separate Subsetions in the sequel.
3.3. The study of simple omponents. In this Subsetion, we study omponents
of W12r−2+n whose generi member (C,A) gives rise to a simple Lazarsfeld-Mukai
vetor bundle E(C,A). The relative dimension of simple omponents dominating
|2H| is determined thanks to a more general result due to Pareshi.
Theorem 3.2 ([P95, Theorem 2, p. 196℄). Let S be a K3 surfae, and L a line
bundle on S. Let W be an irreduible omponent of Wrd(|L|s). Suppose that for a
generi pair (C,A) ∈ W, the line bundle A is base-point-free, h0(C,A) = r + 1 and
the assoiated vetor bundle E(C,A) is simple. If the Petri map µ0,A is not injetive,
then the dierential
(dπS)|(C,A) : T(C,A)W → TC |L| = H
0(C,KC)
is not surjetive.
By standard Brill-Noether theory [ACGH85℄ this result immediately yields the
following.
Corollary 3.3. The relative dimension of the simple omponents of Wrd(|L|s) dom-
inating |L| equals ρ(pa(L), r, d).
Notie that in our ase, ρ(4r− 3, 1, 2r− 2 + n) is negative for n ∈ {0, 1}, it equals
1, for n = 2, and it equals 3, for n = 3. In partiular, there is no dominating simple
omponent in the ases n = 0 and n = 1.
Theorem 3.2 is stated, and proved, in [P95℄ under the hypothesis that the linear
system |L| does not ontain reduible or multiple urves. This ondition on |L| is
only used in order to insure the simpliity of the assoiated bundles E(C,A), whih
we assume. For the onveniene of the reader, sine we have slightly hanged the
hypothesis, we sketh below Pareshi's very nie innitesimal argument.
Proof of Theorem 3.2. Consider the map
µ1,A,S : ker(µ0,A)→ H
1(C,OC)
dened as the omposition of the Gaussian map (see [AC81℄)
µ1,A : ker(µ0,A)→ H
0(C, 2KC),
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with the transpose δ∨C,S of the Kodaira-Spener map
δC,S : H
0(C,NC/S = KC)→ H
1(C, TC).
The rst fat is that, by standard rst-order deformation theory, (see for instane
[CGGH, 2()℄) one has
(3.3.1) Im(dπS)|(C,A) ⊂ Ann(µ1,A,S) ⊂ H
1(C,OC)
∗ ∼= H0(C,KC).
On the other hand, Pareshi [P95, Lemma 1℄ shows that, up to a salar fator,
µ1,A,S oinides with the oboundary map:
(3.3.2) H0(C,MA ⊗KC(−A))→ H
1(C,OC)
of the exat sequene (2.1.6) twisted by KC(−A) :
0→ OC → E(C,A)
∗ ⊗KC(−A)→MA ⊗KC(−A)→ 0.
Now, by hypothesis, ker(µ0,A) ∼= H
0(C,MA ⊗ KC(−A)) is not zero. Moreover,
again by hypothesis,
h0(S,E(C,A)⊗ E(C,A)∗) = 1.
In partiular, sine twisting (2.1.2) with E(C,A)∗ we have that
H0(S,E(C,A)⊗ E(C,A)∗) ∼= H0(C,E(C,A)∗ ⊗KC(−A)),
by (3.3.2) we get that µ1,A,S is injetive, hene
µ1,A,S is not the zero map.
Therefore
Ann(µ1,A,S) ( H
1(C,OC)
∗ ∼= H0(C,KC)
and, by (3.3.1), the dierential dπS |(C,A) annot be surjetive.
✷
3.4. The study of non simple omponents. In this setion we want to study the
irreduible omponents ofW12r(|2H|s), whose generi member (C,A) has the property
that A is a omplete base-point-free penil of degree 2r, with the assoiated bundle
E(C,A) not simple.
We prove the following.
Theorem 3.4. Let W be a non simple irreduible omponent. If W dominates |2H|,
then its relative dimension equals 1.
A key tool to study non simple E := E(C,A) is provided by Lemma 2.4. Aord-
ingly, we have an exat sequene :
(3.4.1) 0→ M → E → N ⊗ Iξ → 0.
Sine in our ase Pic(S) = Z[H ]⊕Z[ℓ], the line bundles M and N are of the form
M = aH + bℓ, N = a′H + b′ℓ.
As c1(E) = 2H , we have that a + a
′ = 2, and b′ = −b, and using the fat that
h0(M), h0(N) ≥ 2, we get
a = a′ = 1.
Moreover,
c2(E) = M.N + lg(ξ) = 2r.
8
In onlusion, two ases may our :
(⋆) b = 0 and lg(ξ) = 2;
(⋆⋆) b = 1, b′ = −1 and ξ is empty;
the ase b = −1, b′ = 1 is exluded sine N is globally generated.
We point out the following useful fat.
Lemma 3.5. Let E be a torsion-free sheaf given by a non-trivial extension
(3.4.2) 0→ OS(H)→ E → OS(H)⊗ Iξ → 0,
where ξ ⊂ S is a zero-dimensional subsheme with lg(ξ) = 2. Then E is loally free.
Proof. Suppose E was not loally free, and denote E = E∗∗. As in [OSS80℄, f.
[La97, Proof of Proposition 3.9℄, there exists a subsheme η ( ξ, and a ommutative
diagram:
(3.4.3) 0

0

0 // OS(H) // E

// OS(H)⊗ Iξ

// 0
0 // OS(H) // E

// OS(H)⊗ Iη

// 0
E/E

Iη⊂ξ

0 0
where E/E is supported on the singular lous of E . Sine lg(η) ≤ 1, and E is loally
free, we dedue that η = ∅. Then E is split, and therefore the extension (3.4.2) is
trivial ontraditing the hypothesis. 
Lemma 3.6. For any non simple bundle E, the extension (3.4.1) is uniquely deter-
mined.
Proof. We observe rst that h0(S,E(−M)) = 1. Indeed, in the ase (⋆), we use
h0(S, Iξ) = 0, as ξ 6= ∅. In the ase (⋆⋆), we use h
0(S,OS(−2ℓ)) = 0.
Next, we prove that one E annot lie in two dierent extensions:
0→ OS(H)→ E → OS(H)⊗ Iξ → 0,
and
0→ OS(H + ℓ)→ E → OS(H − ℓ)→ 0.
If we found two extensions as above, then, using h0(S,E(−H)) = 1 as remarked
above, we would be led to a ommutative diagram:
(3.4.4) OS(H)
  /
 _

E
OS(H + ℓ)
  / E
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Furthermore, by obvious reasons, we would obtain an inlusion
OS(H + ℓ)/OS(H) →֒ E/OS(H).
This is absurd, as E/OS(H) = OS(H)⊗Iξ is torsion-free, whereas OS(H+ℓ)/OS(H)
is supported on ℓ. 
Then, sine the data of an extension (3.4.1) onsists of a (possibly empty) 0-
dimensional subsheme ξ of S and an element t ∈ PH1(S,M∨⊗N ⊗ Iξ)
∗
, we obtain:
Proposition 3.7. The parameter spae P for the non simple vetor bundles E is
either isomorphi to S [2] in the ase (⋆), or to a projetive plane P2 in the ase (⋆⋆).
Proof. In the ase (⋆), the parameter spae in question parametrises pairs (t, ξ) with
ξ ∈ S [2], and t ∈ PH1(S,M∨⊗N ⊗ Iξ)
∗ = PH1(S, Iξ)
∗
arbitrary. Sine h1(S, Iξ) = 1,
the parameter spae oinides atually with S [2], see also Lemma 3.5. In the ase
(⋆⋆), we observe that the split bundle is not of type E(C,A), as the union of the zero
loi of two setions: one of OS(H + ℓ) and the other one of OS(H − ℓ) is a reduible
urve in |2H|. 
Remark 3.8. The existene of a universal extension over S [2] is insured by a more
general result due to H. Lange (see [L83, Proposition 4.2 and Remark 3.5℄).
Now onsider the Grassmann bundle G
p
→ P, whose ber at a point [E] ∈ P is the
Grassmannian of two-dimensional subspaes of the global setions of E:
p−1([E]) = Gr(2, H0(S,E)).
The dimension of G is
(3.4.5) dim(G) = dim(P) + dim(Gr(2, H0(S,E))) = dimP + 4r − 4
and there is a rational map
(3.4.6) d : G 99K |2H|, ([E],Λ) 7→ dE(Λ)
where the map dE is the determinant map, dened in (2.1.3). The utility of G
d
99K
|2H| is made lear by the following result.
Proposition 3.9. The irreduible omponentsW ofW12r(|2H|s) whose generi mem-
ber (C,A) is suh that A is base-point-free and the assoiated bundle E(C,A) is not
simple, are birational to the two Grassmann bundles G⋆ and G⋆⋆ orresponding to the
ases (⋆) and (⋆⋆). Moreover, denoting these omponents by W⋆ and W⋆⋆, and by f⋆
and f⋆⋆ the birational maps between them and the Grassmann bundles, we have that
f⋆ and f⋆⋆ ommute with the maps d and πS on |2H|.
Proof. We write the proof only for the ase (⋆). The map f⋆ from G⋆ to the or-
responding irreduible omponent W⋆ assoiates to a generi pair ([E],Λ) in the
Grassmann bundle, the element (C,A) ∈ W⋆, where C := dE(Λ) and
A := Im(Λ⊗OC →֒ E ⊗OC).
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The map f⋆ has degree one, sine a pair (C,A), with C smooth, and A base-point-
free with h0(C,A) = 2, determines a unique element ([E(C,A)], H0(C,A)∗) ∈ G⋆.
The ommutativity of the diagram
(3.4.7) W⋆
""E
E
E
E
E
E
E
E
(πS)|W⋆ ""
G⋆f⋆
oo_ _ _
d|G⋆




|2H|
follows immediately from the desription of the birational map f⋆ we have given. 
In ase (⋆⋆) the dimension of P equals 2, so we get
dim(G⋆⋆) = 4r − 2.
Sine dim(|2H|) = 4r − 3, if d is dominant, then
(3.4.8) dim(d−1(C)) = 1,
implying that the relative dimension of the omponent W⋆⋆ equals one.
The ase (⋆) is slightly dierent. Notie that in this ase, by (3.4.5), we have
(3.4.9) dim(G⋆) = 4r.
So if d : G⋆ 99K |2H| were dominant, the varieties of penilsW
1
2r(C) of a generi urve
C ∈ |2H| would have dimension equal to 3, and thus they would not satisfy the linear
growth onditions. Theorem 3.4 will then be a onsequene of the following result.
Lemma 3.10. The Grassmann bundle G⋆ does not dominate |2H|.
Proof. We use again Pareshi's innitesimal approah. Suppose that W⋆ dominates
|2H|. If (C,A) ∈ W⋆ is a generi pair, then arguing as in the proof of Theorem 3.2
one obtains that ker(µ0,A), whih, by the base-point-free penil trik is isomorphi to
H0(C,KC(−2A)), is at least two-dimensional.
On the other hand, if W⋆ dominates |2H|, then (3.3.1) implies that µ1,A,S ≡ 0,
hene we have an exat sequene
0→ H0(C,OC)→ H
0(C,E∗|C ⊗KC(−A))→ H
0(C,KC(−2A))→ 0.
We would obtain then h0(C,E∗|C ⊗KC(−A)) ≥ 3.
On the other hand, twisting the exat sequene
0→ OS(H)→ E → OS(H)⊗ Iξ → 0
by E∗, and realling that by determinant reasons, E∗ ∼= E ⊗OS(−2H), we get
0→ E(−H)→ E ⊗E∗ → E(−H)⊗ Iξ → 0,
implying h0(S,E ⊗E∗) ≤ 2. Furthermore, the exat sequene
0→ Λ⊗OS → E → KC(−A)→ 0
twisted by E∗ together with the relations h0(E∗) = h1(E∗) = 0, yields to an isomor-
phism
H0(S,E ⊗E∗) ∼= H0(C,E∗|C ⊗KC(−A)),
whih lead to a ontradition.
Consequently, the map µ1,A,S is not identially zero and the irreduible omponent
W of W12r(|2H|s) annot be dominant by (3.3.1). 
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We pass now to the proof of Theorem 3.4.
Proof of Theorem 3.4. Non simple omponents of W12r(|2H|s), are birational to one
of the two Grassmann bundles G⋆ and G⋆⋆, see Proposition 3.9.
The rst one annot dominate |2H|, by Lemma 3.10. If the latter one dominates
|2H|, then its relative dimension equals 1, by (3.4.8), whih we wanted to prove. 
3.5. Conlusion of proofs of Theorem 1.4 and Proposition 1.3. As we have
analysed several ases, we now make the point and put them together to show how
they imply Theorem 1.4. Also, we prove that urves in the image of the non-simple
omponent birational to G⋆ violate Statement (T).
Proof of Theorem 1.4. Let C be a generi urve in |2H|. Let W 12r−2+n(C), n ∈
{0, 1, 2} be the variety of degree 2r − 2 + n penils on C. For n = 0, by [CP95℄
the dimension of W 12r−2(C) is zero. For n = 1, by Lemma 3.1, W
1
2r−1(C) has only
irreduible omponents W whose member is a penil A′ on C obtained by adding a
base point to a A ∈ W 12r−2(C) Hene dim(W
1
2r−1(C)) = 1. For n = 2, and W an
irreduible omponent of W 12r(C), we have several possibilities.
(a) A generi A ∈ W is base-point-free.
(b) Any A ∈ W has base-points.
In ase (a), also using [ACGH85, Lemma 3.5, p. 182℄, we obtain two subases.
(a1) A generi A ∈ W is suh that h0(C,A) = 2 and E(C,A) is simple.
(a2) A generi A ∈ W is suh that h0(C,A) = 2 and E(C,A) is not simple.
In ase (a1), the dimension of suh a omponent is given by Corollary 3.3, and
equals 1, if n = 2.
In ase (a2), as C is generi, and, by Lemma 3.10, G⋆ does not dominate |2H|, we
have that W must be birational to the bre of G⋆⋆ over C, by Proposition 3.9. So its
dimension equals 1, by (3.4.8).
In ase (b), the omponent W is dominated by an irreduible omponent of
W 12r−1(C)× C, so we are done, using ase (a), and n = 0, 1.
The onlusion is that for n = 0, 1, 2 we have
dim(W 12r−2+n(C)) = n,
for C generi in |2H|, and the theorem is proved. 
Proof of Proposition 1.3. For n = 0, as thanks to [CP95℄ the gonality of any smooth
urve in |2H| is 2r − 2, by [FHL84℄ we neessarily have
dim(W 12r−2(C)) ≤ 1.
For n = 1, thanks to Aola's Lemma [A81℄, for any smooth urve C in |2H| we
have
dim(W 12r−1(C)) = dim(W
1
2r−2(C)) + 1 ≤ 2.
For n = 2, onsider the irreduible omponent of W12r(|2H|s) whih is birational
to G⋆ (notie that G⋆ is not empty by the Serre onstrution). As we have proved
in the previous subsetion, G⋆ does not dominate |2H|. Hene, taking any smooth
urve C lying in the image of G⋆, and using (3.4.9) and [FHL84℄ as we have done
before, we get dim(W 12r(C)) ≥ 4, and dim(W
1
2r+1(C)) ≥ 5. By [FHL84℄, we obtain
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that the dimension ofW 12r−1(C) is at least two; in partiular, it equals two. It implies
dim(W 12r−2(C)) = 1, and dim(W
1
2r(C)) = 4. 
4. Green's onjeture for urves in |2H + ℓ|.
4.1. Passing from |2H| to |2H + ℓ|. We reall rst Green's Hyperplane Setion
Theorem [G84, Theorem (3.b.7)℄, whih reads, in our ase
Kp,1(S,OS(2H)) ∼= Kp,1(X,OX(2H)),
for any onneted urve X ∈ |2H + ℓ|, and any positive integer p. We apply this
result twie, one for a smooth urve, and one again for a urve with two reduible
omponents. Speially, we obtain Kp,1(X,KX) ∼= Kp,1(C + ℓ, ωC+ℓ), where X ∈
|2H + ℓ|, and C ∈ |2H| are smooth urves, and C.ℓ = x+ y. Next, remark that the
exat sequene:
0→ Oℓ(−2)→ OC+ℓ → OC → 0
yields, after tensoring with OS(2H + ℓ), to an isomorphism of vetor spaes H
0(C +
ℓ, ωC+ℓ) ∼= H
0(C,KC(x + y)). Similarly, we obtain an inlusion H
0(C + ℓ, ω⊗2C+ℓ) ⊂
H0(C, (KC(x + y))
⊗2). By the denition of the Koszul ohomology groups, we get
an isomorphism
Kp,1(C + ℓ, ωC+ℓ) ∼= Kp,1(C,KC(x+ y)).
The genus of X is 4r−2, its gonality equals 2r, and its Cliord index equals 2r−3,
[ELMS89℄. Green's onjeture for X predits
K2r,1(X,KX) = 0.
It amounts to prove (by what we have said above):
K2r,1(C,KC(x+ y)) = 0.
The urve C is of genus 4r−3, gonality 2r−2, and Cliord index 2r−4, ([ELMS89℄,
[CP95℄, and [GL87℄). Note that h0(C,KC(x + y)) = 4r − 2, and the vanishing
K2r,1(C,KC(x+ y)) = 0 is the one predited by the Green-Lazarsfeld onjeture for
the bundle KC(x+ y).
4.2. Penils through x+ y. We prove the following.
Lemma 4.1. Let C ∈ |2H| be any smooth urve, and x, y ∈ C its intersetion points
with the line ℓ. For any integer n ≥ 0, there is no base-point-free line bundle A on
C with h0(C,A) = 2, deg(A) = 2r − 2 + n, and h0(C,A(−x− y)) 6= 0.
Proof. We argue by ontradition. Suppose there exists omplete base-point-free
penil A of degree (2r − 2 + n) on C suh that
h0(C,A(−x− y)) 6= 0.
Sine A is base-point-free, and h0(C,A) = 2, we neessarily have
h0(C,A(−x− y)) = 1.
Consider the assoiated vetor bundle E := E(C,A). Twisting the exat sequene
(2.1.2) by OS(ℓ) we obtain
(4.2.1) 0→ H0(C,A)∗ ⊗OS(ℓ)→ E ⊗OS(ℓ)→ KC(−A+ x+ y)→ 0.
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Using the Riemann-Roh theorem for surfaes, one heks that
h1(S,OS(ℓ)) = 0.
Therefore from (4.2.1) we get
h0(S,E ⊗OS(ℓ)) = 2 + h
0(KC(−A + x+ y)) = 2 + h
1(A(−x− y)) = 2r + 3− n,
where the last equality also follows from Riemann-Roh.
On the other hand from (2.1.2) one also gets
h0(S,E) = 2 + h1(C,A) = 2r + 2− n.
Consider the exat sequene dening ℓ, twisted by E ⊗OS(ℓ) :
0→ E → E ⊗OS(ℓ)→ E|ℓ(−2)→ 0.
As h1(S,E) = 0, from the above exat sequene we get
(4.2.2) h0(E|ℓ(−2)) = h
0(E ⊗OS(ℓ))− h
0(E) = 1.
Now
E|ℓ(−2) = Oℓ(a)⊕Oℓ(b).
Sine c1(E) = 2H , we have a+ b = 0. So we an rewrite (4.2.2) :
h0(ℓ,Oℓ(a)) + h
0(ℓ,Oℓ(−a)) = 1
whih is absurd. 
Remark 4.2. In the ase n = 0, as the gonality of any smooth urve in |2H| equals
2r−2, from the previous Lemma we dedue that for any smooth urve C in the linear
system |2H|, there is no g12r−2 passing through the intersetion points of C with the
line ℓ.
We arrive whih makes ruial use of Theorem 1.4.
Proposition 4.3. Let C be a generi urve in the linear system |2H|, and {x0, y0} =
C∩ℓ. For three generi yles x1+y1, x2+y2, x3+y3 ∈ C
(2)
, and for any n ∈ {1, 2, 3},
there is no line bundle A ∈ W 12r−2+n(C), verifying
h0(C,A(−x0 − y0)) 6= 0,
and
h0(C,A(−xij − yij)) 6= 0
for any set of indies {i1, . . . in} ⊂ {1, 2, 3}.
Proof. We argue as in [A05℄ with the dierene that we annot simply invoke the
generiity of the pairs of points, sine x0 + y0 is xed. Nevertheless, we an overpass
this partiularity using Lemma 4.1.
We have the following.
Claim 4.4. The inidene variety inside
∏
n
C(2) ×W 12r−2+n(C),
Ξ := {(x1 + y1, . . . , xn + yn, A), h
0(C,A(−xi − yi)) ≥ 1, for all i = 0, . . . , n}
is at most (2n− 1)-dimensional.
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The proof of the laim is done by analysing all the possible irreduible omponents
W of the universal family W12r−2+n(|2H|s) dominating |2H|, and applying Lemma
4.1. We have two ases aording to the behaviour of a generi point (C,A) ∈ W.
(a) A is base-point-free.
(b) A has base-points.
In ase (a), by [ACGH85, Lemma 3.5, p.182℄ we neessarily have h0(C,A) = 2, and
hene we may apply Lemma 4.1 to get to a ontradition. In onlusion this ase
does not our.
In ase (b), let z ∈ C be a base-point of A. Up to subtrating from A all the base-
points dierent from x0 and y0 and applying Lemma 4.1 to get to a ontradition,
we may assume z ∈ {x0, y0}. We onsider the inidene variety Ξ
′
inside
∏
n
C(2) ×
W 12r−3+n(C) :
Ξ′ := {(x1 + y1, . . . , xn + yn, A
′), h0(C,A′(−xi − yi)) ≥ 1, for all i = 1, . . . , n}
(notie that the dierene between Ξ and Ξ′ is that for the latter we are not imposing
that the line bundles A′ pass through x0 + y0). We have two injetive maps from Ξ
′
to Ξ :
jxo : Ξ
′ →֒ Ξ; A′ 7→ A := A′ + x0
and
jyo : Ξ
′ →֒ Ξ; A′ 7→ A := A′ + y0.
Consider the images jxo(Ξ
′) and jyo(Ξ
′). They are losed inside Ξ, and moreover,
thanks to Lemma 4.1, we have
Ξ = jxo(Ξ
′) ∪ jyo(Ξ
′).
In partiular, the dimension of Ξ equals that of Ξ′. Then we may argue as in [A05,
p.394℄ and apply Theorem 1.4 to onlude that Ξ is at most (2n− 1)-dimensional.
So the laim, and hene the proposition is proved. 
Corollary 4.5. Let C ∈ |2H| be a generi urve, and x, y the intersetion points
with the line ℓ. Then K2r,1(C,KC(x + y)) = 0; in partiular, the Green-Lazarsfeld
onjeture holds for C.
Proof. We hoose three generi yles x1 + y1, x2 + y2, x3 + y3 ∈ C
(2)
, and denote Y
be the nodal urve obtained gluing together x with y, and xi with yi for all i, and we
prove that K2r,1(Y, ωY ) = 0, arguing similarly to the proof of [A05, Theorem 2℄. We
reprodue the arguments here for the reader's onveniene. Assume by ontradition
that K2r,1(Y, ωY ) 6= 0. Then, by the degenerate version of the Hirshowitz-Ramanan-
Voisin result [A05, Proposition 8℄, there exists a rank one torsion-free sheaf F on Y ,
with χ(F ) = 2r − 2 − g(C), and h0(F ) ≥ 2. This sheaf is either a line bundle or
the diret image of a line bundle on a partial desingularization of Y (whih annot
be C itself, otherwise we would ontradit the fat that gon(C) = 2r − 2). Hene
F = φ∗L, where φ : Z → Y is a partial normalization of (4 − n) of the 4 nodes
of Y . Let ψ : C → Z be the normalization of the remaining n-nodes. Then,
χ(Z, L) = χ(Y, F ) = 2r − 2 − g, and χ(C, ψ∗L) = 2r − 1 − g + n, and the latter
implies that deg(ψ∗L) = 2r − 2 + n. As L is a penil, for eah of the n nodes, there
exists a non-zero setion vanishing at it. Hene the penil ψ∗L would ontradit
Remark 4.2 and Proposition 4.3. So we have proved that K2r,1(Y, ωY ) = 0.
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On the other hand, thanks to [AV03, Lemma 2.3℄, we have :
K2r,1(C,KC(x+ y)) ⊂ K2r,1(Y, ωY )
and the predited vanishing is proved. The last assertion follows using [A02, Theorem
3℄. 
Proof of Theorem 1.5. We have to hek that
K2r,1(X,KX) = 0
for a smooth urve X in |2H + ℓ|. As we have shown in 4.1, we have the equality
K2r,1(X,KX) = K2r,1(C,KC(x+ y))
where C ∈ |2H|. The latter Koszul ohomology group vanishes by the previous
Corollary and the Theorem is proved. 
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